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PART V. APPENDIX: OPTIMAL MUTATION PROBABILITY

Suppose we have a fitness function that is a function of n binary variables
and is a monotone function of the Hamming distance of its argument vector
from the solution vector: f(x) = g(||x — x'¥ ||), where g is a monotone
function defined on the integers 0,..n, x(® is the solution vector,

n
o= %@l = 3 | = 5]
=1

Suppose each component of x mutates with a probability p. Let I(p) be
the probability that the resulting mutant constitutes an improvement over its
“parent.” For what mutation probability p does I(p) assume a maximum?
This question can be answered easily.

Suppose ¢ of the n components of x disagree with %(® while the others
agree. A mutation among the components that agree will produce a degen-
eration while a mutation among the { “bad” components leads to an improve-
ment. ‘

The probability for at least one improvement in the “bad” part and no
degeneration in the “good part” is: ‘ '

L(p)=1-Q1-p))1—p)™* =(1-p)*~*t—1—-p)"

I(p) is composed of this part plus I,(p) + L.(p) + ... + I..,(p), the
probability of having exactly one degeneration combined with at least two
improvements, etc., '

L(p) = [1_‘(1—(l—p)z)(”'ﬁ(n—c—l)/?] [1_(1_p2)i—_§_1]’

etc. developing Io(p) into a binomial series we find I(p) =¢p + ¢

(:_—_2;5_1) g +.... Developing L(p) we observe that the first factor is
less than 1 while the second gives b ey "

We .hl;ve ‘d{;;p) = (n—¢) (1-p) "‘5‘v1—n(1'-—_p)”b‘1 = 0 Solving for p
we have 1 —%= (1—p)landp=1-— i/l —-—i—

1
Assuming that { is small compared with n we have p = —.
n
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For this value, however, the contribution of I, ( p) is small as compared
with Io(p). The development of I;(p) begins with p?, etc. Neglecting these
contributions we find: If { is small as compared with n, then [ (p) takes

its maximum for p = —, that means that in the average, one gene per
n

individual per generation is mutated.

In Drosophila, surprisingly enough this condition is nearly satisfied. The
estimated number of genes is 10‘. The observed mutation rate (W. S.
Stone?”) per locus is 10~ to 10-°. Taking into consideration that some genes
have more than two alleles, this constitutes excellent agreement.

REFERENCES

1. W. Ross Ashby, “Constraint Analysis of Many Dimensional Relations,” Technical
Report No. 2, Grant AF-AFOSR7-63, Urbana, Ill., May 1964.

2. W. W. Bledsoe, “A Quantum-Theoretical Limitation of the Speed of Digital Com.
puters,” IRE Trans. Elec. Comp., vol. EC-10, no. 3, Sept. 1961.

3. W. W. Bledsoe, “The Use of Biological Concepts in the Analytical Study of Systems,”
Technical Report, Panoramic Research Inc., Palo Alto, Calif., 1961.

4. W. W. Bledsoe, “Lethally Dependent Genes Using Instant Selection,” Technical
Report, Panoramic Research Inc., Palo Alto, Calif., 1961.

5. H. J. Bremermann, “The Evolution of Intelligence,” ONR Technical Report No. 1,
Contract Nonr 477 (17), University of Washington, Seattle, 1958,

6. , “Limits of Genetic Control,” IEEE Transactions on Mil. Electronics, vol.
MIL-7, April-July 1963, pp. 200-205.
7. , “The Principle of Genetic Cost,” Technical Report, Contracts Nonr 22(85)
and Nonr 3656 (08), 1963. .
8. , “Non-Genetic Control in Biological Systems,” Technical Report, Contracts
Nonr 222(85) and Nonr 3656 (08), 1963.
-9, , “Optimization through Evolution and Recombination,” Self-Organizing Sys-

tems 1962, Yovits, Jacobi, and Goldstein, eds., Spartan Books, Wash., D. C., 1962.

, “Quantitative Aspects of Goal-Seeking Self-Organizing Systems,” to appear
in vol. 1, no. 1, Progress in Theoretical Biology, 1966.

11. H. J. Bremermann, M. Rogson and S. Salaff, “Search by Evolution,” Biophysics and
Cybernetic Systems, M. Maxfield, A. Callahan, L, J. Fogel, eds., Spartan Books,
Wash.,, D. C., 1965.

12. H. J. Bremermann and S. Salaff, “Experiments with Patterns of Evolution,” Tech-
nical Report, Contracts Nonr 22(85) and 3656 (08), Berkeley, 1963.

13. H. J. Bremermann and M. Rogson, “An Evolution-Type Search Method for Convex
Sets,” Technical Report, Contracts Nonr 222(85) and 3656(08), Berkeley, 1964.

14. J. Curtis, “A Theoretical Comparison of the Efficiencies of Two Classical and a
Monte Carlo Method for Computing One Component of the Solution of a Set of
Linear Algebraic Equations,” Symposium on Monte Carlo Methods, Wiley, New
York, 1954.

15. Ferguson and G. Dantzig, “The Allocation of Aircraft to Routes: An Example of
Linear Programming Under Uncertain Demand,” Manag. Sci., vol. 6, pp. 45-73.

10.




